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Physical consistency of quantum fields in anti-de Sitter space time requires that the space must be compactified 
by the inclusion of a boundary where appropriate conditions are imposed. An interpretation for the presence of 
this boundary is found taking AdS as a limiting case of the space generated by a large number of coincident 
branes. The compactification of AdS leads to a discretization of the spectrum of bulk fields. As a consequence, 
we find a one to one mapping between the quantum states of scalar fields in AdS bulk and boundary. Using this 
mapping as an approximation for the dual relation between string dilaton field and scalar QCD glueballs the high 
energy QCD scaling is reproduced. We also use this map to estimate the ratio of scalar glueball masses. 



1. Introduction 

According to the Maldacena conjecture^ the 
large N limit of SU(N) superconformal field the- 
ories in n dimensions can be described by su- 
pergravity in n + 1 dimensional anti de Sitter 
(AdS) spacetime times a compact manifold. This 
is known as the AdS/CFT correspondence. In 
this correspondence (see also refs. |2I3I4I5| and 
for reviews see |6I7I8| 1 the AdS space shows up 
as a near horizon geometry of a set of coincident 
D3-branes. A Dirichlet p-brane or Dp-brane is a 
p + 1 dimensional hyperplane where strings are 
allowed to end j9TiT)] h The AdS/CFT correspon- 
dence can be understood as a realisation of the 
Holographic principle: "the degrees of freedom of 
a quantum theory with gravity can be mapped on 
the corresponding boundary" 1 1 II 1 21 1 31 141 1 5 j . 

Precise prescriptions for the realization of the 
AdS/CFT correspondence were presented in |2l.'i| 
by considering Poincare patches of AdS space. 
Originally AdS space was formulated using global 
coordinates. However Poincare coordinate sys- 
tem allows a simple definition for the flat bound- 
ary where the conformal field theory is defined as 
we will discuss in the next section. In section 3 
we discuss the quantization of scalar bulk fields 
in AdS space which allow us to write a one to 



one mapping between bulk and boundary scalar 
fields. In section 4 we apply this holographic 
mapping to describe high energy QCD scaling of 
scalar glueballs. We also comment on the pos- 
sibility of applying this holographic mapping to 
obtain the ratio of scalar glueball masses. 

2. AdS space and compactification 

AdS space can be described by global coordi- 
nates with finite ranges 16 . In this context it was 
shown [171 18| that a consistent quantization can 
only be obtained if one supplements AdS space 
with a boundary in order to impose vanishing 
flux of particles and information there. Other- 
wise massless particles would be able to go to (or 
come from) spatial infinity in finite times and it 
would thus be impossible to define a Cauchy sur- 
face. 

In the AdS/CFT correspondence one considers 
the AdS space represented by Poincare coordi- 
nates z , x , t with metric 



{zf 



'dz 2 



{dxf 



dt £ 



(1) 
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The boundary in this case is given by the surface 
z = plus a point defined by the limit z — > oo . 
Thus a consistent quantization requires the inclu- 
sion of this surface and the extra point at infinity 
where the flux should be required to vanish. This 
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is not possible using just one set of Poincare coor- 
dinates. The point at infinity can not be accom- 
modated in the original Poincare chart so that 
we have to introduce a second coordinate system 
z' , x, t\H^. The point z — > oo can be repre- 
sented in the second chart at some positive con- 
stant value z' = 5. The coordinates z and z' of 
the two charts are related in this case by 



with range S < z' < oo . The metric of the second 
coordinate system involves a Poincare like factor 
(R/z') 2 and can be written asPU| 

J 2 R 2 r 8 2 dz' 2 (z'-d) 2 (, , 2 \i ,„, 

Now the whole compact AdS space is described 
by the coordinate charts corresponding to eqs. 
and ©. Further, with this second chart we find a 
horizon (infinite singularity in the spatial part of 
ds 2 ) at z' = S. This was not apparent in the orig- 
inal Poincare chart. Note that there is another 
horizon at z — 0. We will comment on this lat- 
ter. 

Let us now discuss the ten dimensional geome- 
try generated by N coincident D3-branes and its 
relation to the compactified AdS space. The D3- 
brane metric can be written as |9!2| 

/ /? 4 \-l/2 

ds 2 = (i + ^r) (-dt 2 + dx 2 ) 

+ (i + ^V + ^aig), (4) 

where we are using the same symbol R for a con- 
stant that now satisfies i? 4 = N/2ir 2 T 3 where T 3 
is the tension of a single D3-brane. The metric 
P|l has a horizon at r = with zero perpendicular 
area (apart from the S$ term). It is interesting 
to look at the space corresponding to (jJJ in two 
limiting cases where it assumes simpler asymp- 
totic forms: large and small r compared to R. 
Considering first the region r » R (far from the 
horizon) the space is asymptotically a ten dimen- 
sional Minkowski space: 

(ds 2 ) far = -dt 2 + dx 2 + dr 2 + r 2 dn 2 5 . (5) 



Now looking at the near horizon region r << R 
we can approximate the metric (@J as: 




Changing the axial coordinate according to: z = 
R 2 /r, as in ref. |H2| . the metric that describes the 
brane system for r/R << 1 takes the form 



ds 2 = [dz 2 + (dx f -dt 2 ^ + R 2 dn 2 5 , (7) 

corresponding to AdS$ x S 5 . This corresponds to 
the Poincare chart (JIJ apart from the S5 factor. 
Note however that the horizon r — which corre- 
sponds to the limit z — * 00 is not included in this 
chart as a consequence of the lack of a relation 
between z and r at r = 0. It is interesting to note 
that from the point of view of a pure AdS space, 
one has to include this point as a requirement for 
a consistent quantization. Considering the brane 
space this point is already present, corresponding 
to the brane location. The inclusion of this point 
in the AdS space is possible by introducing one 
more coordinate chart as discussed before. So, 
indeed the horizon found in the second chart at 
z' = S corresponds to the brane horizon. 

Let us now examine the large r region of the 
D3-branes space. A massless particle moving in 
the r — > 00 direction will arrive at an asymp- 
totically Minkowski space as in eq.©. Then it 
would spend an infinite time to reach spatial in- 
finity. So, the Cauchy problem is well posed for 
the D3-branes space which is geodesically com- 
plete. 

Further it is interesting to consider the limit 
R — > 00 as suggested by the Maldacena 
conjecturepp. The larger we take R the larger is 
the range of r for which the AdS approximation 
l|7)l for the brane metric 10} holds. So one could 
naively disregard the asymptotic flat space region 
in this limit. Then one would find an AdS space 
without the boundary, where particles could enter 
or leave the space in finite times. This would lead 
to the absence of a well defined Cauchy problem. 

If one chooses to disregard the flat space re- 
gion, boundary conditions should be imposed at 
t — ► 00 in order to recover physical consistency. 
That means, in the limit R — > 00 we should not 
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represent the branes space by just a pure AdS 
space but rather by a compactified AdS includ- 
ing the hypersurface at z = besides the point z 
at infinity. 

It is interesting to note that if we consider the 
whole space to be of the AdS form (eq. J7J)) there 
is a horizon with infinite area at z = 0. This is 
not present in the D3-branes model and it is a 
consequence of closing the AdS space as required 
for physical consistency once the asymptotic flat 
space region has been removed. 

3. Quantum fields in AdS space and holo- 
graphic mapping 

Now we are going to consider scalar fields in a 
compact n+1 dimensional AdS space in Poincare 
coordinates. As discussed above we must intro- 
duce two coordinate charts and impose matching 
conditions on the fields in the region of their in- 
tersection. We take the first chart to be defined as 
< z < z max . We can take z max arbitrarily large 
and map as much of AdS space as we want into 
this chart but the fact that z max is finite implies 
the discretization of the spectrum associated with 
the coordinate z. In the region < z < z max 
we can introduce the quantum fields [TT?| 



t) 



E 



jn-1 i 



\n— 1 



^ J (2tt) t 
p=i J y ' 

z n / 2 J u (u p z) 
x ~ 

w p (k)J v + i(upZ ma x) 
x {a p (k) e -^v(S)t+ik-x + c c | ( g ) 



where w p (k) — 



117, 



k 2 and u p are such that 



Jv(upZ ma ,x) = 0. The operators a , a^ satisfy the 
commutation relations 

a p (fc),a p ,(fc')l = 2(2Tr) n - 1 w p (k)5 pp ,5 n - 1 (k-k') 



a p (fc),a p ,(fc')l = [at(fc),at,(fe') 



= 0. 



(9) 



A consequence of the discretization of the field 
spectrum is that we can find a mapping between 
bulk and boundary states. Let us define a scalar 
field on the n dimensional AdS boundary z = 



(2ir 



\n — 1 



K 



2w{K) 



x {b{K) e -MK)t+iK-s + c c | _ ( 1Q ) 



where w(K) = y K 2 + fi 2 and the creation- 
annihilation operators satisfy the canonical alge- 
bra 

b(K),b\K')\ = 2{2n) n - 1 w(K)S{K~K') .(11) 

Following [21 j. we introduce a sequence of en- 
ergy scales £\, £2, ■■■ and split the spectrum of 
the operator 0. For < K < £\ we introduce 
the relations between bulk and boundary opera- 
tors 

K^b{K^,h) = k^ ai(k,4>,e e ) (12) 

K^b\K,4>,e t ) = k^4(k,<f>,e e ), (13) 

where the moduli of the momenta are mapped 
onto each other as k = g\ (K, fi) . Requiring that 
the canonical commutation relations for a and b 
are consistent with the above mapping we find a 
relation between momenta 

u?<7i(/i) 



1 



2 {K + ^JK 2 + fx 2 ) 
K 



V 7 ^ 



2Ci{n) 



(14) 



For the other intervals we find similar 
mappings [2J ■ This way we find a one to one map- 
ping between bulk and boundary Fock spaces. 

It is interesting to note that if we choose a con- 
venient value of Ci (/1) and consider /1 -C K -C £ 1 
we can approximate relation (|14|) as 



k 



£1 H 
2K 



(15) 



4. High energy QCD scaling and glueball 

masses 

Using the mapping described above with n = 4 
we can obtain the high energy scaling of QCD 
glueballs at fixed angles. This can be done by 
relating the scattering amplitudes of scalar QCD 
glueballs with those of dilaton fields in AdS bulk. 
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The assymptotic scalar glueballs are approxi- 
mated by free scalar fields on the AdS boundary. 

We start with the S matrix for fixed angle scat- 
tering in the bulk (dilaton states) with 2 particles 
in the initial state and m particles in the final 
state 

SBulk 

= (k 3 ,ui; ...;fc m+2 ,Mi ;out\ki,Ui;k 2 ,ui\in) 
= (0 |a out (fc 3 )...a out (fe m + 2 )at (fci)a+ (k 2 )\0) . (16) 

Assuming the energy regime to be u <C K <C 
1/R <C k <C 1/ Vo7 = Si , where the super- 
gravity approximation for string theory holds and 
then using the mapping I|12I13|) between creation- 
annihilation operators and the approximate rela- 
tion 115|) we obtain 

/fc\ m + 2 

bBulk x 

~ (0|b out (i? 3 )...b out (AW2)b+(/?i)b+(i? 2 )|0) 

~ (K 3 ...K m+2 , out | A 1; K 2 , tn)K^ m +^ d ^ .(17) 

where the field on the boundary has scaling 
dimension d and then their in and out states are 
\K) ^ A 1 " d b+(A)|0) . This implies a relation 
between bulk and boundary S matrix elements 

SBulk ~ S Bound . (^Ly +2 K (m + 2) { l +d ) (18) 

Finally the corresponding scattering amplitudes 
M. are related by 

/ A\ 4 

M-Bound. ~ M-Bulk SBound. (SBulk)~ (xj 

~ M B uik K ^ m+ ^ d+1 ^^)^ m . (19) 
In the particular energy regime considered we find 

A/f ?r 4 ~ A 2- A / 2 

J v i Boundary ^ JV ^ b , 

where A = (to + 2)d is the total scaling dimen- 
sion of the scattering particles associated with 
glueballs on the four dimensional boundary and 
K ~ y/~s. This result corresponds to the expected 
QCD scaling behavior 23 ^ and was first repro- 
duced in the AdS/CFT context by Polchinski and 
Strassler[25]. 



Extending the idea of this mapping to the case 
where there is a series of scalars 0^ on the bound- 
ary we found a simple estimate for the ratio of 
scalar glueball masses that in four dimensions 
reads: 

Mi = X2,i 
Mi X2,i ' 

where [i\ is the mass of the state ++ , /i.; are 
the masses of its excitations and xi , % are the ze- 
ros of the Bessel function J 2 . The results of this 
estimate are close to the ones found in [27j start- 
ing with an AdS-Schwarzschild black hole met- 
ric, following Witten's suggestion[2*%]. These re- 
sults are also in good agreement with lattice QCD 
calculations 2 9130) . 

More recently we have discussed the fact that 
this approximation for the ratio of the masses of 
scalar glueballs does not depend on the details 
of the bulk/boundary mapping discussed above. 
Alternatively it can be found taking an AdS slice 
as an approximation for the dual space to a con- 
fining gauge theory and identifying the dilaton 
modes with the glueball masses |3"X]. We hope that 
this discussion can be useful to describe other pro- 
cesses and states of QCD even in an approximated 
way. 
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